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ON A RELATION BETWEEN q-EXPONENTIAL AND
θ-FUNCTION
RUIMING ZHANG
Abstrat. We will use a disrete analogue of the lassial Laplae method
to show that for innitely many positive integers n, the main term of the
asymptoti expansion of the saled q-exponential (−q−nt+1/2u; q)∞ ould be
expressed in θ-funtion.
1. Introdution
Given an arbitrary positive real number 0 < q < 1 and an arbitrary omplex
number a, we dene[6, 10℄
(1.1) (a; q)∞ =
∞∏
k=0
(1 − aqk)
and the q-shifted fatorial as
(1.2) (a; q)n =
(a; q)∞
(aqn; q)∞
for any integer n. Assume that |z| < 1, the q-Binomial theorem is[6, 10℄
(1.3)
(az; q)∞
(z; q)∞
=
∞∑
k=0
(a; q)k
(q; q)k
zk.
This ould be seen easily from the fat that
(1.4)
(az; q)∞
(z; q)∞
=
∞∏
k=0
1− azqk
1− zqk
denes an analyti funtion in the region |z| < 1. Hene it ould be expanded as a
power series
(1.5)
(az; q)∞
(z; q)∞
=
∞∑
k=0
akz
k
for |z| < 1 with
(1.6) a0 = 1.
Observe that
(1.7)
(az; q)∞
(z; q)∞
=
1− az
1− z
(azq; q)∞
(zq; q)∞
,
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thus we have
(1.8) (1− z)
∞∑
k=0
akz
k = (1− az)
∞∑
k=0
akq
kzk
or
(1.9)
∞∑
k=0
ak(1− q
k)zk =
∞∑
k=1
ak−1(1− aq
k−1)zk.
Then
(1.10) ak =
1− aqk−1
1− qk
ak−1
and
(1.11) ak =
(a; q)k
(q; q)k
for k = 1, 2, . . . . For any omplex number z, let a be a large real number with
a≫ |z|. We replae z in (1.3) by za ,
(1.12)
(z; q)∞
(z/a; q)∞
=
∞∑
k=0
(a; q)k/a
k
(q; q)k
zk.
Sine
(1.13) lim
a→∞
(a; q)k
ak
= (−1)kqk(k−1)/2,
then
(1.14) lim
a→∞
∞∑
k=0
(a; q)k/a
k
(q; q)k
zk =
∞∑
k=0
qk(k−1)/2
(q; q)k
(−z)k
by the Lebesgue dominated onvergent theorem. Similarly from (1.3)
(1.15)
1
(z/a; q)∞
=
∞∑
k=0
1
(q; q)k
(z
a
)k
,
then
lim
a→∞
(z; q)∞
(z/a; q)∞
= lim
a→∞
∞∑
k=0
(z; q)∞
(q; q)k
(z
a
)k
(1.16)
= (z; q)∞
by the Lebesgue dominated theorem. Thus we have proved that for any omplex
number z
(1.17) (z; q)∞ =
∞∑
k=0
qk(k−1)/2
(q; q)k
(−z)k.
Notie that
(1.18) ((1− q)z; q)∞ =
∞∑
k=0
(1− q)k
(q; q)k
qk(k−1)/2(−z)k.
Sine
(1.19)
1− qk
1− q
≥ kqk−1
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for k ≥ 1, thus
(1.20)
(1− q)kqk(k−1)/2
(q; q)k
≤
1
k!
for k ≥ 1, hene by the Lebesgue dominated theorem we have
(1.21) lim
q→1
((1 − q)z; q)∞ =
∞∑
k=0
(−z)k
k!
= e−z,
and this is the reason why (z; q)∞ is alled a q-exponential. Indeed, it is one of
several q-analogues of ez in the theory of q-series. From (1.18) and (1.20), it is also
lear that
(1.22) |((1− q)z; q)∞| ≤ e
|z|
for any omplex number z. For any nonzero omplex number z, we dene the theta
funtion as
(1.23) θ(z; q) =
∞∑
k=−∞
qk
2/2zk.
The Jaobi's triple produt formula says that[6, 10℄
(1.24)
∞∑
k=−∞
qk
2/2zk = (q,−q1/2z,−q1/2/z; q)∞.
For any positive real number t, we onsider the following set
(1.25) S(t) = {{nt} : n ∈ N} .
It is lear that S(t) ⊂ [0, 1) and it is a nite set when t is a positive rational number.
In this ase, for any λ ∈ S(t), there are innitely many positive integers n and m
suh that
(1.26) nt = m+ λ,
where
(1.27) m = ⌊nt⌋ .
If t is a positive irrational number, then S(t) is a subset of (0, 1) with innite
elements, and it is well-known that S(t) is uniformly distributed in (0, 1). A theorem
of Chebyshev[8℄ says that given any β ∈ [0, 1), there are innitely many positive
integers n and m suh that
(1.28) nt = m+ β + γn
with
(1.29) |γn| ≤
3
n
,
It is lear that for n large enough, we may also have
(1.30) m = ⌊nt⌋ .
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2. Main Results
From (1.17), learly we have
(−q−nt+1/2u; q)∞ =
∞∑
k=0
qk
2/2−knt
(q; q)k
uk.(2.1)
Theorem. Given an arbitrary positive real number 0 < q < 1 and an arbitrary
nonzero omplex number u, we have
(1) For any positive rational number t, let λ ∈ S(t), there are innitely many
positive integers n and m suh that
(2.2) tn = m+ λ,
and for these n's and m's we have
(2.3) (−q−nt+1/2u; q)∞ =
um
{
θ(u−1qλ; q) + r(n)
}
(q; q)∞qm
2/2+mλ
with
|r(n)| ≤
3(−q; q)∞θ(|u|
−1 qλ; q)
1− q
×
{
qm/2 +
qm
2/8
|u|⌊m/2⌋+1
}
.(2.4)
for n, m and λ satisfying (2.2) with n and m are large enough.
(2) Given a positive irrational number t, for any real number β ∈ [0, 1), there
are innitely many positive integers n and m suh that
(2.5) nt = m+ β + γn
with
(2.6) |γn| ≤
3
n
.
For suh n's and m's we have
(2.7) (−q−nt+1/2u; q)∞ =
um
{
θ(u−1qβ; q) +O
(
logn
n
)}
(q; q)∞qmnt−m
2/2
.
for n is large enough.
Proof. In the ase that t is a positive rational number, for any λ ∈ S(t) and n, m
are large, we have
(−q−nt+1/2u; q)∞(q; q)∞ =
∞∑
k=0
(qk+1; q)∞q
k2/2−km−kλuk(2.8)
= s1 + s2
where
(2.9) s1 =
m∑
k=0
(qk+1; q)∞q
k2/2−km−kλuk
and
(2.10) s2 =
∞∑
k=m+1
(qk+1; q)∞q
k2/2−km−kλuk.
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In s1 we hange the summation from k to m− k, we have
s1q
m2/2+mλ
um
=
m∑
k=0
(qm−k+1; q)∞q
k2/2(u−1qλ)k
=
∞∑
k=0
qk
2/2(u−1qλ)k
−
∞∑
k=⌊m/2⌋+1
qk
2/2(u−1qλ)k
+
⌊m/2⌋∑
k=0
qk
2/2(u−1qλ)k
(
(qm−k+1; q)∞ − 1
)
+
m∑
k=⌊m/2⌋+1
(qm−k+1; q)∞q
k2/2(u−1qλ)k
=
∞∑
k=0
qk
2/2(u−1qλ)k + s11 + s12 + s13.
Clearly,
|s11 + s13| ≤ 2
∞∑
k=⌊m/2⌋+1
qk
2/2(|u|
−1
qλ)k
≤
2qm
2/8
|u|⌊m/2⌋+1
θ(|u|
−1
qλ; q).
By (1.3), for 0 ≤ k ≤ ⌊m/2⌋, we have
(2.11)
∣∣(qm−k+1; q)∞ − 1∣∣ = (−q; q)∞
1− q
qm/2,
then
|s12| ≤
(−q; q)∞
1− q
qm/2
∞∑
k=0
qk
2/2(|u|−1 qλ)k
≤
qm/2(−q; q)∞θ(|u|
−1
qλ; q)
1− q
,
hene
(2.12)
s1q
m2/2+mλ
um
=
∞∑
k=0
qk
2/2(u−1qλ)k + r1(n)
with
|r1(n)| ≤
2(−q; q)∞θ(|u|
−1
qλ; q)
1− q
(2.13)
×
{
qm/2 +
qm
2/8
|u|⌊m/2⌋+1
}
.
6 RUIMING ZHANG
In s2 we hange the summation from k to k +m
s2q
m2/2+mλ
um
=
∞∑
k=1
(qm+k+1; q)∞q
k2/2(uq−λ)k
=
∞∑
k=1
qk
2/2(uq−λ)k
+
∞∑
k=1
qk
2/2(uq−λ)k
[
(qm+k+1; q)∞ − 1
]
=
−1∑
k=−∞
qk
2/2(u−1qλ)k + r2(n).
By the binomial theorem, for k ≥ 1
(2.14)
∣∣(qm+k+1; q)∞ − 1∣∣ ≤ qm+2(−q3; q)∞
1− q
,
then
(2.15) |r2(n)| ≤
qm+2(−q3; q)∞θ(|u|
−1
qλ; q)
1− q
.
Thus we have proved that
(2.16) (−q−nt+1/2u; q)∞ =
um
{
θ(u−1qλ; q) + r(n)
}
(q; q)∞qm
2/2+mλ
with
|r(n)| ≤
3(−q; q)∞θ(|u|
−1
qλ; q)
1− q
(2.17)
×
{
qm/2 +
qm
2/8
|u|⌊m/2⌋+1
}
.
for n, m and λ satisfying (2.2) with n and m are large enough.
In the ase that t is a positive irrational number, for any real number β ∈ [0, 1),
when n and m are large enough satisfying (2.5) and (2.6), we have
(2.18) β + γn ≥ −1,
for these integers n, we take
(2.19) νn =
⌊
−
logn
log q
⌋
,
then we have
(−q−nt+1/2u; q)∞(q; q)∞ =
∞∑
k=0
(qk+1; q)∞q
k2/2−km−kβ−kγnuk(2.20)
= s1 + s2,
with
(2.21) s1 =
m∑
k=0
(qk+1; q)∞q
k2/2−km−kβ−kγnuk
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and
(2.22) s2 =
∞∑
k=m+1
(qk+1; q)∞q
k2/2−km−kβ−kγnuk.
In s1, we hange summation from k to m− k,
s1q
mnt−m2/2
um
=
m∑
k=0
(qm−k+1; q)∞q
k2/2(u−1qβ+γn)k
=
∞∑
k=0
qk
2/2(u−1qβ)k
−
∞∑
k=νn+1
qk
2/2(u−1qβ)k
+
νn∑
k=0
qk
2/2(u−1qβ)k
(
qkγn − 1
)
+
νn∑
k=0
qk
2/2(u−1qβ+γn)k
{
(qm−k+1; q)∞ − 1
}
+
m∑
k=νn+1
qk
2/2(u−1qβ+γn)k(qm−k+1; q)∞
=
∞∑
k=0
qk
2/2(u−1qβ)k + s11 + s12 + s13 + s14,
thus there exists some onstant c11(q, u) suh that
|s11 + s14| ≤ 2
∞∑
k=νn+1
qk
2/2 |u|
−k
≤ c11(q, u)
logn
n
for n large enough, and there exists some onstant c12(q, u) suh that
|s12 + s13| ≤ c12(q, u)
logn
n
,
for n large enough. Thus for n, m and β satisfying (2.5) and (2.6) and n is large
enough, there exists some onstant c1(q, u) suh that
(2.23)
s1q
mnt−m2/2
um
=
∞∑
k=0
qk
2/2(u−1qβ)k + e1(n)
with
(2.24) |e1(n)| ≤ c1(q, u)
logn
n
.
Similarly, in s2 we hange summation from k to k + m, and we ould show that
there for n, m and β satisfying (2.5) and (2.6) and n is large enough, there exists
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some onstant c2(q, u) suh that
(2.25)
s2q
mnt−m2/2
um
=
−1∑
k=−∞
qk
2/2(u−1qβ)k + e2(n)
with
(2.26) |e2(n)| ≤ c2(q, u)
logn
n
.
Thus we have
(2.27) (−q−nt+1/2u; q)∞ =
um
{
θ(u−1qβ ; q) +O
(
logn
n
)}
(q; q)∞qmnt−m
2/2
for n, m and β satisfying (2.5) and (2.6) and n is large enough. 
Conlusion. The phenomenon demonstrated here is universal for lass of entire basi
hypergeometri funtions, the general proof for this phenomenon will be published
elsewhere. In a separated work, we have proved the same phenomenon happens
with the Ramanujan's entire funtion Aq(z), or the q-Airy funtion.
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